Intro GGT Homework 2

General suggestion: draw some graphs!
Question 1. Let G be a group that acts on a connected graph I'.
1. Letp = (vo, ..., vy,) be apathin I". Show that for any g € G, the sequence
g-p:= (9U07 s 7gvn)
is also a path.

2. Let g € G\ {1¢} and let x be a vertex of I" such that d(z, gx) is minimal among all pairs (h. y)
with h € G\ {1} and y a vertex of I'. Let p be a geodesic (i.e. a shortest path) from z to gz.

Show that for any i € Z such that g* # 14, the intersection of p and g’p can occur only at their
i 1

endpoints. Moreover, if such an intersection occurs, then either g° = g or g = g.
(Hint: otherwise, let y be an intersection vertex and consider g'y.)

3. Letp = (vg,...,vy) and ¢ = (wo, ..., wy ) betwo paths. The concatenation of p and ¢ is defined
when v, = wq and is the path

Pxq = (V0y. ., Up, W,.no,Wp).

Let g and p be as in the previous item, and assume that ¢ has finite order £ and that p has length at
least one. Show that the concatenation

prgpx-xg"p

forms either a simple cycle or a backtrack cycle, i.e. a path of the form (u,v,u). Determine
precisely under which conditions the backtrack cycle occurs.

4. Conclude that if I' is a tree, then any finite order element g € G always has either a fixed vertex or
a fixed edge.

Question 2. Let F be a free group.
1. Find a tree on which F' acts freely.

2. Justify your answer.

Question 3. We aim to prove that the converse of the previous question. That is, if a group G acts freely
on a tree I, then G is a free group.
If T’ is a subgraph of I" we simply denote IV C I'. We will need the following lemma.

Lemma (Zorn’s lemma for subgraphs). Let T be a non-empty collection of subgraphs of a graph I. If
every chain C C T has an upper bound in T, then T contains a maximal graph.

Where:
¢ A subcollection C C 7T is called a chain if for all Hy, Hy € C, either H; C Hy or Hy C Hj.
e A graph U € T is called an upper bound of a chainC C T if H C U forall H € C.

e A graph M € T is called maximal in 7 if there is no graph H € 7 such that M C H and
M # H.



In the following, let G be a group that acts freely on a tree I'.

1. Let
T:={TcCcTl|¢gTNT=w2VgeG\{lg}}.
(a) Show that 7 is non-empty. (Hint: The action is free!)
(b) Let C C T be a chain. Show that | ;.. T € T.

(c) By Zorn’s lemma, show that 7 contains a maximal graph.

2. Let M be a maximal graph in 7. We shall prove that GM := U gM has all the vertices of T".
geqG

(a) Show that gM is also maximal in 7 for every g € G.
(b) Let u be a vertex of I'. Show that w € GM if and only if Orb(u) N M # @.

(c) Suppose that there exists a vertex v ¢ GM. Choose a vertex u € GM and let p =
(vo, . .., vy) be a path from u = vy to v = vy,.
Show that there exists 0 < ¢ < n — 1 such that v; € GM and v; 11 ¢ GM.

(d) Let ¢’ € G such that v; € ¢’M. Let M’ be the graph obtained by adjoining the edge
{vi, vit1} to ¢’ M. Show that M’ € T. Conclude a contradiction.

3. Let M be a maximal graph in 7. For distinct elements g1, g2 € G, we say that gy M and go M are
adjacent if there exists and edge ¢ = {u1, ua} of I that connects them. That is, u; is a vertex of
g1 M and us is a vertex of go M. Let

S ={s € G| M and sM are adjacent}.

(a) Show that if gy M and go M are adjacent, there is only one edge that connects them.
(Hint: A tree has no simple cycle.)

(b) Show that s € S if and only of s~1 € S.
(c) According to Question 1, justify that G has no elements of order 2.
Justify that we can choose S C Ssuchthat SN S~ =@and SUS™! = S.
4. Letg € G and x € M. Consider the unique simple path from z to gz.

(a) Why is the simple path unique?

(b) Show that there exists a unique sequence gg, - . . , gn such that gg = 1¢, g, = ¢, and g; M is
adjacent to g; 1 M forall0 <i <n — 1.

(¢) Deduce a map from I/V(g), the set of words of S = S U S~!, to G.
(d) Show that this map induces a well-defined isomorphism from F(.S) to G.



